A previous study has shown that the mode shapes of a beam are more sensitive to damage than other vibrational parameters, thus making them better suited for crack identification purposes. However, they have the disadvantage of being more difficult to be measured. To overcome this difficulty, an interesting idea is to monitor changes produced by cracks on the mode shapes only in a few strategic points, instead of performing a complete experimental modal analysis. Considering this possibility, the aim of the present work was to determine the most appropriate locations for installing sensors in beams in order to identify and characterize structural damages. The effect of different locations of cracks on the mode shapes of beams was studied through a numerical computational model using the finite element model. The results were plotted in 3D graphs relating the relative nodal displacement of damaged and intact beams with the crack position and the location of the point analyzed. Through the analysis of these graphs, it was possible to point out the most adequate sites for placing sensors aiming at identifying cracks in a beam in fixed-free and fixed-fixed boundary conditions. Aiming at testing the results, an optimization problem for crack identification was proposed and solved through genetic algorithm GA . The cracks were identified with an accuracy that is appropriate for engineering applications, showing that the proposed method is effective and could be used in Structural Health Monitoring SHM issues. Limitations on its use were also discussed.
INTRODUCTION
A marked improvement in computational tools and an increased commitment of researchers worldwide have contributed significantly to produce great advances in the areas of Damage Prognosis DP and Structural Health Monitoring SHM in recent years. Such advances have allowed an increase in system security and a reduction in the operational costs of various industrial processes and activities. One of the most important steps for the successful implementation of these techniques is the identification and characterization of cracks found in structures.
The presence of cracks induces local flexibility in structural elements, changing the vibration responses Dimarogonas 1996 . The literature refers to these vibrational changes provoked by cracks as the "forward problem". It is possible, however, to determine the location and size of a crack observing such changes, which are referred to as the "inverse problem" Rizos et al. 1990 . In general, damage detection methods consist in comparing the vibrational responses or the modal parameters of damaged structures to responses of intact structures and -by observing variations, numerical models, and optimization problems -in identifying the existence, location, and size of cracks. Beams, which are structures widely used in machinery, construction, mechanical engineering, shipbuilding, aviation industry, etc., are naturally among the most studied elements. Various researchers have analyzed changes among natural frequencies, vibration modes, and frequency response functions FRF of intact beams and cracked beams aiming at identifying damages Fernández-Sáez et al. 1999 , Douka et al. 2003 , Owolabi et al. 2003 , Hadjileontiadis et al. 2005 , Loya et al. 2006 , Al-Said 2007 , Lee 2009 , Srinivasarao et al. 2010 , Attar 2012 , Saeed et al. 2012 , Gomes and Almeida 2014 , Khiem and Tran 2014 , Xu et al. 2014 , Montanari et al. 2015 , Fernández-Sáez et al. 2016 , Zhang and Yan 2017 / 0.1 a h  produced significant changes on the vibration mode of the beam. In the third mode, for example, this crack size produces changes of 5% over the values of the vertical displacements of nodes, when compared to intact beams; in the fourth mode, the changes were above 3%. It was found out that the vibration modes are more sensitive than both natural frequencies and the FRF of beams for a damage of the same magnitude.
In that occasion, the relative vertical displacements the percent relation between the nodal displacement of damaged and intact beams of the first five mode shapes were observed in ten equally spaced nodes, for 28 different damage scenarios. The results were presented in 3D graphs relating the relative nodal displacement RND with crack position and the node analyzed, showing that some sites are more damage sensitive than others. Since these sites amplify the effects caused by damage on the vibrational behavior of the structure, they are more appropriate for sensor placement for crack identification purposes.
Previous studies found in the literature have already investigated the effects caused by cracks on beam mode shapes, and have also solved the inverse problem by monitoring this parameter. Rizos et al. 1990 monitored the vibrating modes of cracked cantilever beams, identifying cracks with reasonable accuracy when they had moderate depths -above 10% of the beam height. Douka et al. 2003 presented a simple method of identifying cracks in cantilever beams based on an analysis of the fundamental vibration mode of the structure and on intensity factors that allow estimating the severity of the damage. Hadjileontiadis et al. 2005 analyzed the fundamental vibration mode of a cantilever beam to propose a technique for identifying cracks, which proved to be able to detect the damage even in the presence of noises in the analyzed signal. In order to solve the inverse problem, Lu et al. 2013 used a method that was insensitive to measurement noise, based on the difference between the curvature of the vibration modes of damaged and intact beams. Khiem and Tran 2014 obtained a simplified expression for the natural vibration modes of a beam with an arbitrary number of cracks and, even with noisy and scarce data, the researchers managed to perform damage identification. Xu et al. 2014 proposed two methods based on the measurement of the vibration modes of cracked beams, which allow identifying damage without the prior need to have information about the beams in their intact condition. Montanari et al. 2015 simulated numerically the first three vibration modes in cantilever beams and on simply supported beams, and used the results to determine the optimal number of sampling intervals to identify the damage in an effective way.
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Despite the relevant advances obtained in recent years in monitoring mode shapes of beams as the core point for solving the inverse problem, an inconvenient issue persists. There are two available options to obtain the mode shapes experimentally: it is necessary either to excite the whole structure with an impact hammer or to place sensors on the entire structure, and excite it either with a shaker or in an operational way. The problem regarding the first option is that it demands a specialist to test the structure in situ, which impairs the use of this type of technology for remote applications, or when the structures to be monitored are numerous. The problem regarding the second options is that it may become too expensive. In the light of these considerations, it is reasonable to think about monitoring the beam by placing sensors in only a few strategic points as a feasible way to detect the damage, since it avoids the two problems pointed out previously. In addition, techniques for adopting an appropriate sensing for SHM issues constitute a recurrent topic discussed in the literature, as highlighted in the works of Khavita et al. 2016 and Kanaparthi et al. 2016 . This way, the objective of the present study is to determine the most appropriate sites for placing sensors in beams for crack identification purposes, by monitoring the mode shapes of the structure. The present work adds to the previous study by observing the RND in more points, leading to more accurate 3D charts about beam sensitiveness to damage. In addition, the simulations were replicated for the fixed-fixed beam condition. Aiming at testing the results, a crack identification problem was proposed and solved with the aid of the genetic algorithm GA . The results are shown in section 3.
METHODOLOGY
In order to obtain data from vibrational responses, a computational model of the beam was created using the finite element method, following the approach of various works found in the literature Krawczuk 1992 , Owolabi et al. 2003 , Sankararaman et al. 2011 , Mazanoglu and Sabuncu 2012 , Amitt et al. 2014 , Xu et al. 2014 , Simoen et al. 2015 . The following sections present details of the numerical model used and vibration responses obtained.
Numerical model
First, a model of an intact Euler-Bernoulli beam was created, crack free, using the commercial ANSYS software. This model contains information on the geometry and material of the structure and is necessary to determine the vibrational behavior of the structure before any damage appears. The beam under study has a square cross-section, parameterized with length L , width w, and height h. . The finite element mesh was created considering the longitudinal middle of the intact beam, using 10000 square solid elements of 8 nodes. The average element size was set to / 1000 L . The beam was studied with two different boundary conditions: fixed-free cantilever and fixed-fixed.
In order to make sure that the numerical model was calibrated, the first five natural frequencies n f were obtained numerically and compared to the natural frequencies calculated through the analytical equation below Blevins 1979 :
where E is the elastic modulus of the material, I is the inertia moment of area about neutral axis, m is the mass per unit length of beam and n  is a constant coefficient which depends on the boundary condition and on the th n natural frequency of the beam.
It is worth pointing out that the calculation of natural frequencies and mode shapes leads to the same results for a fixed-fixed and a free-free boundary condition. The last one is commonly adopted when performing an experimental modal analysis. For Analyzing the table, it is possible to observe that the percentage difference between the model used and the analytical solution had an average of -0.218% and did not exceed 0.6% absolute value in any of the frequencies, thus indicating that the model is adequate.
Then, cracks were inserted into the numerical model. As the simulation of cracked structures requires mesh alterations depending on crack position and depth, the mesh of the longitudinal sections of the structures with cracks contained about 1008 square elements of 8 nodes. This number may present small variations depending on the crack parameters. Although it is common to use singular elements to model the crack tip, this type of modeling is recommended when one intends to calculate stresses and strains in the crack vicinity. When global variations on the dynamic behavior of the structure are intended to be calculated, this specific type of modeling is unnecessary, besides presenting the drawback of increasing the computational cost Chati et al. 1997 . Therefore, the same 8-node square elements were used in the entire model. Figure 1 illustrates the mesh of finite elements used in the crack tip area. appropriate sites for installing sensors in beams, only the curves shapes need to be observed, which justifies the choice of keeping the crack depth constant. The shape of the crack and its width were defined based on the height of the beam, according to the schematic drawing in Figure 2 , illustrating the fixed-free boundary condition. Table 2 . On the whole, 38 different scenarios 19 for the fixed-free case and 19 for the fixed-fixed case were analyzed. 
Vibration responses
For each of the 38 scenarios, a modal analysis was performed. The same analyses were performed for the crackless beam situations. x L, which made it easier to visualize the results. Based on these graphs, one can visually observe the nodes in which the maximum RND amplitudes are developed, regardless the crack position, i.e., the positions which are more sensitive to the damage. These positions are the most appropriate for installing sensors onto the beam, because they amplify the damage effects on the structure mode shapes, making the process of solving of the inverse problem easier and less susceptible to possible numerical and experimental errors. The graphs obtained are displayed in section 3.
Optimization problem
Aiming at testing the results that were found numerically, an optimization problem for solving the inverse problem of identifying the crack was proposed. First, a crack with known position and depth was introduced numerically into the model, and the RND s were calculated for it. This step could be substituted by an experimental setup in future works, where the cracks could be introduced in real beams.
Although the entire RND matrix can be calculated for the introduced crack, only the columns related to the places where the sensors would be installed were used. For instance, if one places three accelerometers into the beam, located at / 0.10
, respectively , only vectors These values can be stored in a vector of dimension l , called reference curve RC , given by:
where l is the number of elements used to configure the shift pattern, j is the position of the sensor installed, and k is the mode shape monitored. In the given example, the reference curve used would be given as:
Knowing the reference curve obtained for a crack, one can propose an optimization problem that simulates the effect of a different combination of crack position and depth in the beam mode shapes in each iteration. Then, the RND can be calculated for each crack as in eq. 2 , and the monitored values naturally, the same positions and mode shapes used for the reference curve are stored in another vector of dimension l , called numerical curve NC .
Finally, an objective function S is used in order to minimize the difference between the RND obtained for the reference curve and the numerical curve. The objective function also includes a weighting coefficient w to normalize the elements in the same scale, as follows: where l is the number of elements used. The weighting coefficient w depends on the mode shape monitored, and is given by the maximum absolute value obtained in the 3D graph for that mode. If one uses a different crack size to generate these graphs / 0.5 a h  , for example , although the weighting coefficients found would be different from the ones of the present situation, it would have no impact for the crack identification problem, since the values of w would be altered in a proportional way.
Restrictions were imposed for the crack position and depth, as follows:
The genetic algorithm GA was used to solve the optimization problem. The algorithm is a non-linear method based in the natural evolution process, from Darwin's theory. Basically, an initial population -a set of individualsof possible solutions is selected randomly through the search space. In this case, each individual is formed by two parameters: the crack position xc and the crack depth a. After the testing of this generation, the best-fitted individuals are kept for the next one this process is usually called "elite count" or choosing the "champions" . The rest of the generation suffers from mutation and crossover, giving place to a new set of individuals that also compose the second generation. This process continues until a virtually best individual is found, i.e., a combination of crack position and depth whose RND agree the most with the ones obtained for the known crack. The number of individuals in each generation and the number of generations are pre-determined in the algorithm, and optimization stops when a minimum value of tolerance set to the objective function is reached, or when all individuals of all generations are tested.
The use of the GA to solve some kind of crack identification problem is already established in the literature, as in the works of Khaji and Mehrjoo 2014 , Hou and Lu 2016 , Mungla et al. 2016 , and Eroglu and Tufecki 2016 . This algorithm is convenient to this particular problem, since it does not use an initial candidate to start the optimization, but a family of them. The choice of a unique initial candidate for the optimization is an obstacle for solving the problem, since it increases the possibility of the solution converging to a local minimum -a false position and depth of the crack.
In other works, the initial population was selected as 15 times the number of variables, which leads to 30 individuals for two parameters -crack position and depth Khaji and Mehrjoo 2014 , Eroglu and Tufecki 2016 . However, this number was increased by 50% in the present work, leading to an initial population of 45 individuals. This decision was made to increase the probability of finding the global minimum of the function. The tolerance of the objective function was set to 6 10  , i.e., optimization stops when the S assumes a lower value than that. It was observed that the variations regarding crack depth and position when S assumes a lower a value than the established tolerance are negligible for crack identification purposes. The number of generations was set to 20, and the elite count was set to 3 individuals. The probability of crossover was set to 0.9.
In order to solve the optimization problem, a routine was developed in the MATLAB software. For each iteration, the software generates a text file called "parameters", which contains the crack parameters to be tested. In a further programming line, the ANSYS software is activated and starts to run in batch mode. The software ANSYS, at its turn, uses another pre-determined parameterized programming routine, and reads the file "parameters", earlier exported. After the simulations, software ANSYS exports its results in text files, which are read by MATLAB, allowing the optimization to continue. This process runs automatically, being a powerful and convenient alternative for solving the inverse problem.
RESULTS AND DISCUSSION
The following sections present the results obtained from the simulations related to variations perceived in vibration modes of the beam, for the two studied boundary conditions. The results of the optimization problem are also presented.
Fixed-free boundary condition
Figures 5 to 9 present three-dimensional charts of the first 5 vibration modes for the fixed-free boundary condition, establishing a relationship among the crack position, the position of the analyzed node and the percentage variation between the nodal displacement of damaged beams and intact beams. 
Based on the calculated results, the weighting coefficients w of each mode were also obtained for the fixedfree boundary condition, as in Table 3:   Table 3 : Weighting coefficients for the fixed-free boundary condition. . This happens because, for the fixed-fixed boundary condition, the vertical displacement of these modes equals zero for the intact beam at this point. When eq. 2 is applied, a division by zero appears, which means that, at this point, the RND tends to infinite. Therefore, the use of these points for the referred mode shapes should be avoided for crack identification purposes, since it could lead to erroneous results, especially when considering an experimental setup.
Based on the calculated results, the weighting coefficients w of each mode were also obtained for the fixedfixed boundary condition, as in Table 4 : To test the effectiveness of placing sensors at the sensible positions pointed by the 3D graphs, different cracks were simulated in the numerical model. The RND they produced were used to solve the inverse problem, as described in section 2.4. The method was tested for the fixed-free boundary condition. Three points were used to control the changes that the cracks caused, by monitoring the variation of four RND , as in Table 5 : Table 6 presents the positions and depths of the different cracks that were simulated, as well as the identified crack, according to the proposed optimization problem. The depths and positions of the simulated cracks were chosen arbitrarily, with the objective of preliminarily testing the efficacy of the method for cracks hypothetically spread throughout the whole beam. The results show that, by monitoring three points which would demand the use of three sensors in an experimental setup , the proposed method was able to identify cracks with an acceptable precision for many engineering applications. It is worth pointing out that even small cracks / 5% a h  were identified. This is possible because the changes produced by cracks of this size on the beam mode shapes are more significant than the ones observed on the natural frequencies and FRFs, as shown in the previous study.
It is relevant to notice that the present results were obtained through numerical simulation, which is different from a practical situation where experimental issues have to be considered. However, as a preliminary approach, the type and the characteristics of the used sensors should have little influence on the method's damage detection capacity, since the sensors would affect the vibrational behaviour of the beam before and after the crack appearance. Therefore, since the method is based on a relative comparison between the damaged and the intact scenarios see eq. 2 , these sensors effects shall be attenuated. These issues could be investigated by future studies, aiming at testing the applicability of the proposed methodology in experimental setups, which always present further challenges due to the experimental errors involved.
Also, as in any crack identification technique, when considering a more realistic experimental case, it is clear that the variations observed in the RND could also be caused by other factors besides the appearance of a single crack, such as other cracks, ground accommodations and other structural changes. These effects present an additional difficulty in the damage identification task.
CONCLUSIONS
This study adds to the results found in a previous one, which pointed out that the mode shapes are more sensitive to cracks than the natural frequencies and the FRF of beams; it was also observed that the amplitude of the changes regarding those parameters is proportional to the size of the observed crack. Therefore, the effects of different crack positions on the mode shapes of fixed-free and fixed-fixed beams were studied using a computational numerical model. Although the mode shapes have shown to be more sensitive to the damage than other parameters, and, consequently, better suited for crack identification, they have the disadvantage of being more difficult to be measured. To overcome this difficulty, the idea was to monitor the changes that cracks produce on the mode shapes only in a few strategic points, instead of performing a complete experimental modal analysis.
Aiming at determining which positions are more sensitive to damage, and, naturally, more appropriate for installing sensors, 3D graphs relating the relative nodal displacement with different crack positions and different studied sites were plotted. Considering all the different cracks, studied positions, mode shapes, and both boundary conditions, a total of 3990 points were evaluated. Based on these graphs, one can choose a combination of sites to place a set of sensors and monitor the changes in different mode shapes, thus aiming at solving the crack identification inverse problem. Using three accelerometers in the fixed-free beam, for example, it would be convenient to place them at / 0.1 x L  first vibration mode monitoring , / 0.5 x L  third and fifth vibration modes monitoring , and / 0.8 x L  second vibration mode monitoring . Depending on the vibration mode analyzed and the number of available sensors, one could think of other advantageous combinations.
Cracks were created in the computational model and an optimization problem based on the genetic algorithm was proposed and solved to test the information contained in the graphs. Analyzing the three points mentioned in the previous paragraph, the cracks were identified with an accuracy that is appropriate for engineering applications. Even small cracks / 5% a h  -referred to in the literature as being difficult to identify due to experimental and numerical errors -were properly characterized.
The results have shown that the proposed method is effective and could be used for SHM purposes. However, more studies must be carried out to determine the minimum number of sensors necessary to correctly identify a crack. When a number of sensors below the required value is used, there may exist more than one combination of crack depth and position that leads to the observed shift pattern on the beam mode shapes, i.e., an optimization problem with no unique solution. This could cause false cracks to be identified. Also, further studies could test the method experimentally, which is always a bigger challenge due to the experimental errors involved.
